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Information Geometry 2

Gaussian distributions

S={p(x;u,0)| p(X;p,0)= zlﬂo_exp<—(xz_;;)2 >
(p(0)] 0= (1.0)
S={p(x0)}




Manifold of Probability Distributions
x=12,3 S ={p(x)}

P=(p,P, Ps) Pi+P,+p;=1




Invariance S={p(x,6)]

Invariant under different representation

y=y(x),  p(y.6) i

sufficient statistics

[’QD

0(%,6,)- p(x,é’z)‘zdx

= 1 (y.6)-B(y.6,) [ dy




Two Geometrical Structures

Riemannian metric
affine connection --- geodesic

d S ¢ = Z g ij (H ) d Hi d Hj .

Fisher information [
« \

0 0 O tdb
g; = E ﬁlog pﬁlog P / kt |
| 00 | 1 | e |
Orthogonality: innner product I _61_

<d,0,d,0>=d,0'Gd,o



Affine Connection
covariant derivative; parallel transport

V.Y, TI.X=Y
geodesic TIX=X X=X(t)

s=[|>.9;(0)do'do’

minimal distance
straight line




Dualitx: two affine connections
{S,q,V,V*}

(X,Y)=(IIX,IT'Y)  <X,Y>=3"g X'V
Y

Riemannian geometry: [] =[]"



Dual Affine Connections (V V- )

e-geodesic (H’ H*)
logr(x,t)=tlog p(x)+(1-t)logq(x)+c(t)

m-geodesic V. x(t)=0
r(x,t)=tp(x)+(1-t)a(x) V* x(t)=0



Mathematical structure of S ={p(x &)}

gij(é:): E:5i|5j|]
Tijk(é:): E:5i|aj|5k|} {M, g, T}
I=logp(x.£); @ :a%

a -connection

re ={i, j;k} —aT,

J

V¢ & V™ :dually coupled

X(Y,Z)=(V,Y,Z)+(Y,V,Z)



Divergence: D[z:y]

positive-definite



Kullback-Leibler Divergence

quasi-distance

DIp(9:a(0)= . p(0)log 5(( ; ﬁ

D[p(x):q(x)]=0 =011t p(x) = q(x)
D[p:q]= Dlq: p]



f divergence of S

~

S={p}, P >0:(> P, =1nn holds)
o, (p:a)-Xa (L]0 D, [p:]=0 =7

not invariant under f (u)= f (u)-c(u-1)



o divergence

L~ l-a. l+a. ..
Da[p:q]:Z{Tpi "'TQi — P : o * }

KL-divergence

D[P d]=3{p log o+ P, -G}




(a, ) —divergence

a+,6’_|_ IB _a+ﬂ_ a _,6’
ﬁ a+ﬁq. P“q"}

p=—-a. a-—divergence
a=1.  p-divergence



Metric and Connections Induced by Divergence

Riemannian metric (Eguchi)

1
g;(2)=0,0;D[z:p| _.: Dlz:z+dz]= 5 i (z)dzdz,
affine connections {v,v1
[ (2) = —8i8j5'kD[z )] 0 .0

\yzz 5 = —, a = —

i (2)=-00,0,D[z1y],_,



Duality: X<Y,Z>=<V,Y,Z>+<Y,V,Z>

akgij — Fkij F;iji

r'jk — F;k _Tijk

M, g,T}



Dually flat manifold

exponential family; mixture family; {p(x); x discrete}

)=exp{> 6x —y(6)} : exponential family

@-coordinates . affine coordinates, flat, geodesics

7

n-coordinates: (dual) affine coordinates, flat, geodesics
not Riemannian flat
canonical divergence D(P: P'): KL —divergence



Dually flat manifold

potential functions  (8),¢ (1)

n :68_@”8); 0 =§—77i(p(6?): Legendre transformation
+o(n)-2.60m =0
& P
(0) = 0).-- gV = 0
exp{Z&’x ~y ()} : exponential family

Vg cumulant generating function
@ . negative entropy

canonical divergence D(P: P')= z// 2977.'



Manifold with Convex Function
S : coordinates 6’:(6’1,6’2,L ,6’”)

W (49) . convex function
v

negative entropy  #(P)=] P(x)log p(x)dx



Riemannian metric and flathess
(affine structure) {S, v(0), 6}

Bregman divergence

D(6,60')=y(6')-(6'-80)-grad v (6)

0 = aiajW(a)’ 0;

Flatness (affine) § :geodesic (not Levi-Civita)



Legendre Transformation

Th = 6i';”(‘g) v
6 < n one-to-one \j
p(n)+v(8)-61' =0 o
5 (1) = maxe{H‘ni -y (0)}

g' =o' 0 =—
(0(77) on,

D(6.6)=yw(0)+¢(n')-0-7'



Two affine coordinate systems (6’,77)

@ :geodesic (e-geodesic)

N :dual geodesic (m-geodesic)

“dually orthogonal”
<ai’aj :é‘ij
SR

06 on,

X<Y,Z>=<V,Y,Z>+<Y,V ,Z>



Pythagorean Theorem
r (dually flat manifold)

D[P:Q|+D[Q:R]=D[P:R]

m-geodesic

O e—-geodesic

Euclidean space: self-dual € =17



Projection Theorem

min D[P: Q]

QeM
Q = m-geodesic projection of P to N

min D[Q: P|

QeM
Q’ = e-geodesic projection of P to M



Two Types of Divergence

Invariant divergence (chentsov, Csiszar)
f-divergence: Fisher- o structure

cql = q(x)
DIp : q] Ip(X)f{p(X)}dx

Flat divergence (Bregman) — convex function

KL-divergence belongs to
both classes: flat and invariant



divergence

S ={p} : space of probability distributions

invariance dually flat space
invariant diverge lat divergence
‘ convex functions

F-divergence
Fisher inf metric
Alpha connection

KL-divergence Bregman

D[p:ql= | p(x) 10g¢ 2™y
q(x)




Space of positive measures :
vectors, matrices, arrays

S={p}, B;>0:(> P =1nn holds)

f-divergen .
regman divergence

o-divergence



Applications of
Information Geometry

Statistical Inference

Machine Learning and Al

Computer Vision

Convex Programming

Signal Processing (ICA; Sparse)
Information Theory, Systems Theory
Quantum Information Geometry



Applications to Statistics

curved exponential family:

(U)X, %% PO =0 x=y(0);

p(x,u) :exp{e(u)-x—w(e(u))}

U(x,...,x,) :estimator X

1
- =3 x
n;l ‘

<)
||
x|



x : discrete X={0,1,...,n}

S, ={p(X) | xe X}: exponential family
() =" () =exp[Y. 0~y (0)]

6' =log p, —log p,; X =6.(x); w(8)=—log p,

statistical model : p(X,u)



p

/A

High-Order Asymptotics
x,60(u)) 1X,

e = HGl + FGZ
G =G :Cramér-Rao: linear theory
(e)° (m)* | (m)’ : N
G,=H,’ +H,’ +T quadratic approximation



Information Geometry
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Belief Propagation
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Stochastic Reasoning

p(X, y,Z,r,S) 2

oxyzlng

X1y1 Z1:1)_1 )




Stochastic Reasoning

q(x1,x2,X3,...| observation)

X=(x1x2x3.....) x=1,-1
X=argmax q(x1, x2 ,x3,.....) maximum likelihood

Xi=sgn E[xi] least bit error rate estimator



Mean Value
Marginalization: ¢
projection to independent distributions

[1,q(x) = ,(%)0,(X;)--.4, (X,) = q, (X)
q.(X;) = jq(xl,..., X )dx,..dx...dx

7] =E [x]=E, [x]



r=1 )
Cr(x):CrX|1 X r=(i,-i) o,
X, ={L,-1  r=(i,i,) * 5& ’

Boltzmann machine, spin glass, neural networks
Turbo Codes, LDPC Codes



Computationally Difficult

q(x)—>n=E[x]

4(x)=exp{X ¢, (x) v

' mean-field approximation
belief propagation

| tree propagation, CCCP (convex-concave)



Information Geometry of
Mean Field Approximation

* m-projection
* e-projection

D[q:p]= ZQ(X) log q(x)

1,9 = argmin D[q:p.
[1;q = argmin D[p:q;
p(x) e M,




Information Geometry

ﬁ(x)
q(x) =exp{d ¢, (x)- ¢; :
M, ={p, (x,0)} =exp{@-x -y,

M. = { P, (x,E,) = eXp{Cr (x) Ji.é,rL-x—wr}}

r=1,




Belief Propagation

M. : pr(x,ir)=exp{0r(x)+§r -x—wr}
1_[0 pr(x1§rt)

0. =II,p (x,§')—E"' : belief for c, (x)

9t+1 _ Zﬂrtﬂ 1’%
M,






_Equilibrium of BP_(6".3,")

1) m-condition 70
0 =T11,p, (x,?;*r)
m-flat submanifold M (6’)
£.@)
2) e-condition <
R QA
0 = GZ rg r ‘

q(x) € e-flat submanifold ’



Free energy:

FOs,.&)=0p:d->Dp:p]

critical point

F _, - e-condition
06
ok -0 : m-condition
o

not convex



Belief Propagation
e-condition OK

| 1 e,
(0.8, 808, 0= &,

(&1:82508) 2 (81,8 7,.87))

CCCP m-condition OK
0—->0

£.(0),6,(0°),...,&,(0°)
0'=TII,p, (x,&"): & =1II,p,(x,0"



gtr+1 _ Hr9t+1 _ Hr 0, (x’ Ot+1)
9t+1 _ LOt B Zé;tﬂ



Convex-Concave Computational
Procedure (CCCP) VYuille

F(6) = F.(6)—F,(6)
VF,(6') = VF,(6')

Elimination of double loops



Boltzmann Machine X
»
p(Xi :1)=§0(ZWU-XJ- —hi) X,@

p(X) = eXp{ZWiJXiXJ -2 hx _W(W)}

@
X3




Boltzmann machine
---hidden units

* EM algorithm D
* e-projection /

* m-projection




EM algorithm

hidden variables
p(x, y;u)
D={x1,-",xN}
M ={p(x, yiu)}
D, ={p(x.¥)|p(x)=po(x)}

minKL[p(x,y): peM | mprojectionto M

minKL| peD:p(x,y;a)] eprojectionto D



SVM : support vector machine

Embedding =4(X)
f(x)= ZWi¢i(X) = Z&iyiK(Xi , X)

Kernel  K(x,x)=> 4(x)p (x)

Conformal change of kernel
KX, X")—— p(X) p(X")K(X, X)
p(x) =exp{-x | f(x) [}



Signal Processing
ICA : Independent Component Analysis

sparse component analysis

positive matrix factorization






Independent Component Analysis

observations: x(1), x(2), ..., x(t)
recover: s(1), s(2), ..., s(t)



1. Motivation g

Example of color image separation :

Five original images (but unknown to the neural net)

-

Five mixed images for separation

Final (stable states) of five separated images



Space 0 lces : Lie group

dX : non-holonomic basis



Information Geometry of ICA

{0, (y1)a,(Y,)-.q, (Y,)}

X)}

natural gradient (W) =KL[p(y; W) :q(y)]
estimating function

stability, efficiency r(y)



Semiparametric

Statsticar Mogel
e P e

p(x; W, r) = W|r(Wx)
W=A" r(s): unknown r=1Ir

X(1), X(2), ..., X(1)






Basis Given: overcomplete case
Sparse Solution

x=As=Ysa | A x=43

many solutions
many s, — 0

N\

x, = As,




sparse A: X=As

S

generalized inverse

L,-norm: minX|s;

sparse solution

L -norm: min ) |s;]
i



&1
v

' A=

(c) Reconstructed bmary edge i lmages (after reversmn)

Fig. 5: Example of edge image image reconstruction: (a) the three binary edge images
(reverse image copies are supplied for processing) , (b) their-two mixtures, (c) the three
extracted edge images (after reversion).



Overcomplete Basis and Sparse Solution

x:Z:Siai = As

min S|1 — Z|Si|

min As—x|p +a|s|p,

non-linear denoising



Sparse Solution
ming ()

penalty F,(B8)=>Y|B|" : Bayes prior
F, (B8)=#1p #0]: sparsestsolution

F(8)=>_|B|: L solution

F (B): 0<p<1 Sparse solution: overcomplete case
(

F(B8)=D.|8 |2 . generalized inverse solution



Optimization
under Spasity Condition

‘ming(B) : convex function
constraint F(B)<c

typical caseg:o(ﬂ):%‘y_ X,B‘Z :%(ﬂ_ﬂ*)TG(ﬂ_ﬂ*)

1 p =2, p=1 p=1/2
F(p)=<Xlal s TR



L1-constrained optimization

P. Problem ming(B) under F(B)<c LASSO

solution S*(c) : c=0—

B =0 p
min ¢(B)+AF () LARS

solution (1) A=0-0
B,=0->48

solutions B, and B, : coincide,A=21(c), p=>1

P, Problem

p<1: A=Ai(c) multiple, noncontinuous
stability different



Projection fron¥* to F = c¢ (information geometry)
'B*
P,

A




Convex Cone Programming

P : positive semi-definite matrix

convex potential function

dual geodesic approach

Ax=b, minc-x

Support vector machine




B, B,
A A

ah

~N N
N

a) R.:n=2, p>1 b) R.:n=2,p=1

" non-convex

c) R.:in=2,p<l

Fig. 1



orthogonal projection, dual projection

min ¢(B) = D[B : B*}, F(B)=rc: dual geodesic projection

dual
geodesic



n o« VAR

Fig. 5 subgradient

VF



LASSO path and LARS path
(stagewise solution)

ming(B) : F(B)=c
ming(B)+AF (8)

B (c), B (1) ¢ < A correspondence



Active set and gradient

A(B)=1i|p, =0}

(sgn(ﬂi)\ﬂi\_(l_p), ic A
VF(B)=1(cm0), e
-14]




Solution path

Vo (B )+ AV, F(B)=0 B
{VAVA¢ (ﬁ:) + A VAV AF (ﬁc*)}ﬁc = _ﬂ.‘cVAF (,Bc)

b= 2KV ,F(B) 5 b=
K=G(B;)+AVVF(B)

(VWF =0; VF =(sgng): L)



Solution path
in the subspace of the active set

V.0 (B;)+AV,F(B;)=0 V, :active direction

B, = _K;VAF (:B;)

turning point A —> A’



Gradient Descent Method

- . inj 2
. min L(x+a): g;aa’' =¢
VL = {8_x L(x)}: covariant

@L:{Z gj‘aiL(x)}: contravariant
X;

Kig = X = C@L(Xt)



Extended LARS (p = 1) and Minkovskian grad

norm-lal, = fa|

maxy (B + ca) under ||a||ID =1
v (B+ca)=Alal,
p=1"
sgnz., |n|=max{|nl, -,
Yol ﬂ)zlA{ s, | =max{fng -
0, otherwise

n=Vy(p)



i" =arg max|f;|

max\fi\:‘fi*‘:

f.
j

(§F) _ 1, fori=1 andj*,
‘ 0 otherwise.

B =B —nVF LARS



VF = Vf Euclidean case

1

VF =c(sgn f,)|f,[oL

VF =c(sgn f, ) a—1




L1/2 constraint: non-convex optimization

A-trajectory and-trajectory

EX. 1-dim 1 )
o () ZE(ﬂ—ﬁ*)

f,(B8)=¢+AF :%(,8—2)2+2/1\/E



: 3;( % > f
. #
. =C
P,:Vi, =0 ﬂ_,g*Jr%:o ,é:Ri(ﬂ*) : Xu Zongben's operator
R, (8 )a
A =c(B —c)
.
5




ICCN-Huangshan (&)

Sparse Signal
Analysis

Shun-ichi Ammari (H#[{£—)
RIKEN Brain Science Institute

(Collaborator: Masahiro Yukawa, Niigata University)



Solution Path 1 <c¢

not continuous, not-monotone
jump

P, <= b



An Example of the greedy
nAath

1

0.8 local minima

0.6

B>
0.4 ,
saddle points |
0.2 \
saddle points local minima R
0 .
0 0.5 1 1.5

B+



Linear Programming

\
ZAUXJ 2bi @/

v (x) Z'OG(ZA ~b,)




Convex Programming
— Inner Method

LP:Ax>b, c¢-x>0

min c¢-x

Simplex method ; inner method



Polynomial-Time Algorithm

curvature : step-size

‘H(m)

min:te-x+y(x) x=4(t) V" —geodesic



Multilaxer Perceptron

Higher-order correlations

Synchronous firing



Multilayer Perceptrons

y:ZVi¢(Wi'x)+n X

X = (X, X500y X))

1

p(y\x;ﬁ):cexp{—a(y— f (x,ﬁ))z}
f(x,0)=> vio(w, - x)

O0=(W,...W ;V,...,V)

Il, m



Multilayer Perceptron

neuromanifold

space of functions

Y = f(x, H)

:Z 7 (Wi‘x

\
H:(Vl... V wl,”"wm)

) m )



singularities

L] pe







Backpropagation ---gradient learning

examples: (v, x,), (Y, x,)
1
E :E‘y— f (x,H)‘Z =—log p(y, x;0)

natural gradient (Riemannian)

aE VE = G'VE --steepest descent
AH — _77t

ZVgaw . x)



Error

Fi

2
o

A

. 5. Critical set with local minima and plateaus.



Expected Loss

3.5

2.5

N

—_
al

0.5

— Standard Gradient
- == Natural Gradient

|-

100
Learning Step

150

200



conformal transformation

J-Fisher information

@(p)=—T _¢F
g (P) .(p) (p)

q—divergence

D[PX): (9] = )hq oy 0= P00 )




Total Bregman Divergence
and its Applications to
Shape Retrieval

Baba C. Vemuri, Meizhu Liu, Shun-ichi Amari,
Frank Nielsen

IEEE Conference on Computer Vision and Pattern Recognition (CVPR),
2010



Total Bregman Divergence

D[x y
J1+Hw\2

TD[

f n

erotational invariance

-conformal geometry

y X

Figure: df(x, y) (dotted red line) is BD, d¢(x,y) (bold green line) is
TBD, and the two arrows indicate the coordinate system.Note that
dr(x, y) changes with rotation unlike d¢(x, y) which is invariant to
rotation.



Total Bregman divergence (Vemuri)

TBD(p:q) = o(P)—¢(q) - V(O(Q) (P—q)

JH V@]




Clustering : t-center

T-center of
E

x* =argmin ) TD[x, x; ]



t-centerx’

\4i (x) - ZWIZV\]:VI("")

1

u SV ()l



J -super-robust estimator (Eguchi)

(%¢)

g+1

max p(x, &) — max P

bias-corrected g-estimating function

s, (%)= P(x.&){8;log p ¢, (&)}

2. P(x.¢)

isq(xi,(:)zo <> max hl

=0 q+1



Conformal change of divergence
D(p:q)=c(p)D[p:q]
gij :G(p)gij

Ty = G(Tijk +5,0; +5;Ui +Sigjk)
S I



t-center is robust

E" ={x, . x,;y

~ % * * 1
X =X +5z(x;y), &E=—
n

influence function z(x"; y)

z]<c as |y|—> oo :robust



Vi (y)— Vi (x)
w(y)

z(x*,y):G—l

1

G= —Z:W(xi )VVf (xi)

N

Robust: z is bounded z(x*,y) _Gt y 2
1+ v

\Yi (y): v (y) o
w(y) \/1+HV1‘ (y)H2 2(x"y)=y Euclidean case f:%\x\z

W(y)>1



MPEG7 database

* Great intraclass variability, and small
interclass dissimilarity.

h ALERYE 3D ks LV
¥ TN MNP N~




Other TBD applications

Diffusion tensor imaging (DTI) analysis
[Vemuri]

* Interpolation
« Segmentation

Baba C. Vemuri, Meizhu Liu, Shun-ichi Amari and Frank Nielsen, Total Bregman
Divergence and its Applications to DTl Analysis, IEEE TMI, to appear



TBD application-shape
retrieval

* Using MPEG7 database;
« 70 classes, with 20 shapes each class
(Meizhu Liu)



Multiterminal Information & Statistical Inference

C Y

p(x,Y;0)
‘MX‘ZZRXn ‘Mr‘ZZRYn



p(X,y)
p(X,Y,2)

inal

G =G, +G,
O-rate  Slepian-Wolf



Linear Systems
o — [l —

-1 _p

_ 14z 4B 7 AR—-eflat
-1 _p

l+az " +---+a,z

Q:(al’...’ap :bl’”"bq)
X, =f (49, Z_l,ut)

ARMA

Xt+1
MA---m-flat



Machine Learning

Boosting : combination of weak learners

D:{(xl’Y1)’(x21y2)""’(xN’yN )}

y; =+-1

f(x,u): y=h(x,u):sgn f (x,u)



Weak Learners
H (x)=sgn(2atht(x))
g1 Prob {h(x)=y,} W,
W, (1) = cW, (i)exp{-a,yh (X )}

weight distribution



Boosting —generalization

Q :{Qt (y|x):Qt_1(y|X)eXp{atyht (x)- f}}

F. ={P(y,x)Eyh () = const|




Integration of evidences:
TRACTRIE

arithmetic mean
geometric mean
harmonic mean
o -mean



Various Means

2
a+b
2 » '\/ ab . 1 } 1
. a b
arithmetic geometric _
harmonic

Any other mean?



Generalized mean: f-mean
f(u): monotone; f-representation of u

f(a)+ f (b)

m. (a,b) = f ; )
scale free m, (ca,cb) =cm, (a,b)
1o
a-representation fa W=uz?, a=l

logu, oa=1



dg-mean:  m,(p.(s), p,(s))

a=1: +Jab
o1 a+b
2
a+b 1
=0 : (Va++b)’= 2\/%
o = 0 m, = mm(a,b)
a=—o  m =max(a,b)



O, — Family of Distributions
PE R p(x0) = £, 6F, (p ()}

mixture family :

Prix (S) Zt P (S) Ztl =1

exponential family :

Iog pexp (S) = Zt| IOg P (S) -~y

- —
- =



